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1 CURRENT STATE-OF-THE-ART
Introduction
The doctoral thesis is focused on development of Free-Form Deformation[1] parame-
terization method for deformation of shapes and CFD grids, used in the environment
of shape optimization as an advanced tool for aircraft aerodynamic design.
Benefits of CFD tools are known for quite long time and they are widely used to
supplement or even replace wind tunnel testing in aircraft design. As the progress
of computer hardware power rapidly increases, it practically enables more and more
detailed simulations to be performed. Availability powerful computers is also one
of the reasons for growing popularity of the aerodynamic shape optimization tech-
niques which results in significant cost savings in design cycle. However, because
of the complexity of aerodynamic design problems, numerical shape optimizations
still remain expensive tasks[2]. Therefore advanced optimization strategies comple-
mented with appropriately capable parameterization methods are needed.
The important aspect being how do they perform on complex shape configura-
tions while using high-fidelity analysis tools like CFD.
Parameterization
Very important part of optimization process is the parametric description of the
object geometry. Parameterization influences computational cost of the optimization
as well as the quality of its product. Parameterization defines possible object shapes
and shape changes by a set of parameters which are used as design variables during
the optimization process. It is essential to use appropriate parameterization for each
particular optimization task.
According to Samareh[3] the successful parameterization process must:
1. be automated
2. provide consistent geometry changes across all disciplines
3. provide sensitivity derivatives (preferably analytical)
4. fit into the product development cycle times
5. have a direct connection to the CAD system used for design
6. produce a compact and effective set of design variables for the solution time
to be feasible.
Different parameterization methods use different amount of parameters for de-
scription of the object shape. The number of optimization parameters has major
influence on the computational time cost. This stands for genetic and evolution-
ary methods as well as for RSM and gradient based optimizations. Exception is
the adjoint approach for calculating the sensitivity gradients for the gradient-based
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optimization, where the computational time is not limited by the amount of param-
eters and can compute gradients of all parameters in a single adjoint calculation.
Needless to say that not every kind of parameterization can provide analytical sen-
sitivity derivatives and only those methods that can guarantee constant topology
of the geometry (surface mesh) can use finite difference approach to calculate the
sensitivity derivatives[4]. The direct parameterization method that uses as many
design parameters as there are nodes in the surface mesh of the object is prone
to problems with smoothness of the surface, caused by the surface gradients. A
piecewise polynomial interpolations, such as B-splines, may be cause wiggles in the
deformed shapes when using larger number of design parameters[5].
The list of parameterization methods suitable for AERODYNAMIC SHAPE
OPTIMIZATION is quite long. Samareh[3] presents detailed overview of parame-
terization techniques.
The FFD parameterization, as an essential part of this thesis is fully described
in dedicated chapter 3
Volume Mesh deformation techniques
Mesh deformation is used to adjust existing computational mesh to changes in
geometry[6, 7]. Thanks to this procedure it is not necessary to create new mesh
every time the geometry is changed and therefore significantly speed up the opti-
mization process itself.
Quality of the mesh after morphing has to be checked and has to remain in
acceptable tolerance[4]. Especially in the case of large shape deformation some
morphing methods may not be able to maintain good quality mesh and completely
new mesh may need to be generated every time the tolerance is exceeded.
Mesh deformation techniques are mostly based on: spring analogy, Laplace equa-
tion methods or elliptic differential equation approach.
Most of the existing techniques particularly for unstructured mesh deformations
are computationally expensive or mathematically complicated for practical use in
optimization.
Nevertheless the elimination of mesh generation in every iteration is very com-
pelling. For this reason, morphing techniques have been implemented in a number
of commercial software codes. (ANSA Sculptor[8]).
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2 GOALS
• The primary goal is to develop and verify FFD[1] parameterization method
in the context of aircraft design. A method that could automatically adapt
the parameterization and that would be able to handle complex geometry
deformations and demands on complicated geometrical constraints.
• The secondary goal is to test the ability of FFD parameterization to deform
CFD computational meshes.
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3 FREE-FORM DEFORMATION (FFD)
3.1 Introduction
FFD parameterization method, an essential part of this work, is described here
in detail. The FFD parameterization is rather complicated but also very power-
ful method. It was developed for computer graphics for morphing images (e.g.
Boubekeur et al.[9]) and deforming models, first published by Sederberg and Parry[1].
It is usually linked with polynomial and spline parameterization techniques [10, 11,
12, 13, 12, 14, 15, 16]. It is ideal for parameterization of objects of high geometry
complexity. FFD makes it possible to deform only part of the domain of interest
while the rest of the geometry remains intact and the transition between deformed
and undeformed parts is smooth. It belongs among the parameterization methods
that deform existing shapes.
3.2 Theoretical background
The FFD algorithm embeds the model or models into parallelepiped lattice of control
points and by modification of this lattice a deformation is passed on the model. The
FFD treats the model as it is made of clear rubber that can be stretched, compressed,
twisted, tapered or bent and yet preserves its topology. The FFD parameterization
method can deform almost any type of geometrical model because its formulation is
independent of the object’s grid topology. It allows to deform truly arbitrary shapes
with minimal set of variables. It can control surface continuity as well as volume
preservation. The analytic sensitivities derivatives can be easily calculated for use
in gradient-based optimization. The FFD can be used hierarchically to reach both
local and global deformations.
One of the most important aspects that defines the FFD is the representation of
parametric volume. Initially Bernstein[1, 17, 18] and Bézier[14, 13, 19] polynomials,
later B-Spline[20, 21, 18, 22, 23, 16, 24, 25, 26, 27] and NURBS[28, 15, 10, 11, 29]
were used. The NURBS offers the best capabilities of handling complex geometry,
for which it has also become the backbone of CAD.
Because of all these advantages, the FFD is largely used in the field of geometric
modeling[26, 30, 27], computer graphics[1, 17, 20, 22, 21, 23, 31, 32, 33, 34, 35, 36,
37], and more recently in medicine[28, 38, 30, 25] for image registration.
More importantly, the FFD has been used for aerodynamic shape optimizations
of 2D[39] and 3D[40, 41] rotor blades, wings [15, 16, 14, 13, 19, 10, 42, 43, 44,
41], concept[29], Blended-Wing-Body[45] and supersonic[15, 41, 46] aircrafts, elbow
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tube[47], sail[48], train[49] and car[24]. The capability of volume deformations makes
the FFD suitable also for computational fluid dynamics grids deformations[29, 42,
48]. Further more the FFD can be conveniently used in aero-structural applications
[15, 42, 48].
Use of the FFD parameterization method in either commercial software packages
(ANSYS FLUENT, ANSA) or in open-source code 𝑆𝑈2[41] underlines its potential.
The main drawback of the FFD is the necessity of use of parallelepiped
lattice of control points [17, 18, 15, 50]. The parallelepiped lattice makes it
difficult to control some geometrical constraints [50] that are useful in optimization
(fixed edges, angles of attack).
The limitation caused by parallelepiped lattice was approached by Coquillart[17],
Hsu, Hughes and Kaufmann[20], MacCraken and Joy[21], Ono et al.[32], Ilic and
Fua[33], Kobayashi and Ootsubo[35], Samareh[10], Song and Yang[36], McDonnell
and Qin[37], Duvigneau[51] introduced approach that adapts the FFD parameteriza-
tion to a particular aerodynamic shape optimization. The adaption principle stands
on modification of the mapping (embedding) to minimize the ineffectiveness of the
current parameterization. Sacharov, Surmann and Biermann[27] proposed another
adaptive FFD method.
As suggested by Sederbeg and Parry[1], Lamousin[28] and later used by Kenway
et al.[42], several adjacent FFD lattices can be constructed around the complex ob-
ject of interest. The only problem of this approach is only 𝐶0 continuity preservation
on the boundaries between FFD lattices which limits its application.
For the purpose of aerodynamic shape optimization of practical aeronautical
tasks we need parameterization that gives the optimization strong control over pos-
sible shape deformations. It seems that the best way to do that is to use FFD
based on NURBS[28] and develop a method that would resolve the biggest
drawback of FFD parameterization and enable use of non-parallelepiped
lattices adaptable to the shape of the object. That is described in section 4.2
where a parameterization method is proposed in which the FFD is supplemented
with RBF[52].
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3.3 FFD procedure:
All the FFDs have the same basic procedure consisting of four main steps (Amoiralis[11]):
1. Construction of parametric volume (Lattice of control points)
2. Embedding the object within the volume
3. Deformation of the parametric volume
4. Evaluating the effect of the deformation on the embedded object
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
−0.2
−0.1
0
0.1
0.2
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0.4
0.5
x
y
 
 
Initial geometry
Initial FFD lattice of control points
Deformed FFD lattice of control points
Deformed geometry
Fig. 3.1: Basic principle of the use of FFD parameterization for deformation
Construction of parametric volume (Lattice of control points):
A 1D, 2D or 3D lattice is constructed around/in the object that should be deformed.
This defines parametric coordinate system.
NURBS definition Nodes of the lattice are used as control points to define
NURBS volume (plane) that contains the object to be deformed. NURBS poly-
nomials are defined in each lattice direction u, v, w. Constraints of polynomial
degrees:
1 ≤ p ≤ a, 1 ≤ m ≤ b, 1 ≤ n ≤ c (3.1)
where p,m,n define degree of the basic polynomial function in corresponding direc-
tion, a+1, b+1, c+1 are numbers of the control points in each direction. NURBS
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uses knot vectors, where
U = (𝑢0, 𝑢1, ..., 𝑢𝑞), 𝑞 = 𝑎+ 𝑝+ 1 (3.2)
V = (𝑢0, 𝑢1, ..., 𝑢𝑟), 𝑟 = 𝑏+𝑚+ 1 (3.3)
W = (𝑢0, 𝑢1, ..., 𝑢𝑠), 𝑠 = 𝑐+ 𝑛+ 1 (3.4)
The equations are given just for x directions for now on, since the equations in other
directions (dimensions) are formulated analogically. Values of U knot vector are
calculated as
𝑢𝑖 =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 0 ≤ 𝑖 ≤ 𝑝
𝑖− 𝑝 𝑝 < 𝑖 ≤ (𝑞 − 𝑝− 1)
𝑞 − 2𝑝 (𝑞 − 𝑝− 1) < 𝑖 ≤ 𝑞
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(3.5)
and unified with range of x coordinates of parametric u coordinate. This knot vector
has p multiple identical members at the beginning and at the end.
NURBS basic functions N are defined for every direction (u,v,w) of the para-
metric volume. N for u direction is calculated with standard recursive formula.
𝑁𝑖,𝑝(𝑢) =
𝑢− 𝑢𝑖
𝑢𝑖+𝑝 − 𝑢𝑖𝑁𝑖,𝑝−1(𝑢) +
𝑢𝑖+𝑝+1 − 𝑢
𝑢𝑖+𝑝+1 − 𝑢𝑖+1𝑁𝑖+1,𝑝−1(𝑢) (3.6)
𝑁𝑖,0(𝑢) =
⎛⎜⎜⎜⎜⎜⎝
1 𝑢𝑖 ≤ 𝑢 < 𝑢𝑖+1
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
⎞⎟⎟⎟⎟⎟⎠ (3.7)
u is vector of Cartesian coordinates of geometry (points) that are to be embed-
ded, i is position in knot vector and 𝑢𝑖.. are coordinates in knot vector.
The Cartesian coordinates of a geometry points within the 3D volume with para-
metric coordinates u,v,w are calculated using
𝑅(𝑢) =
Σ𝑎𝑖=0Σ𝑏𝑗=0Σ𝑐𝑘=0𝐺𝑥𝑖𝑗𝑘𝑃 𝑥𝑖𝑗𝑘𝑁𝑖,𝑝(𝑢)𝑁𝑗,𝑚(𝑢)𝑁𝑘,𝑛(𝑢)
Σ𝑎𝑖=0Σ𝑏𝑗=0Σ𝑐𝑘=0𝐺𝑥𝑖𝑗𝑘𝑁𝑖,𝑝(𝑢)𝑁𝑗,𝑚(𝑢)𝑁𝑘,𝑛(𝑢)
(3.8)
for x direction, In general R are Cartesian coordinates of a point in a parametric
space (u,v,w), P𝑖𝑗𝑘 is a matrix of control points Cartesian coordinates (x,y,z) and
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G𝑖𝑗𝑘 is matrix of its weights.
For 2D:
𝑅(𝑢) =
Σ𝑎𝑖=0Σ𝑏𝑗=0𝐺𝑥𝑖𝑗𝑃 𝑥𝑖𝑗𝑁𝑖,𝑝(𝑢)𝑁𝑗,𝑚(𝑢)
Σ𝑎𝑖=0Σ𝑏𝑗=0𝐺𝑥𝑖𝑗𝑁𝑖,𝑝(𝑢)𝑁𝑗,𝑚(𝑢)
(3.9)
For 1D:
𝑅(𝑢) = Σ
𝑎
𝑖=0𝐺
𝑥
𝑖 𝑃
𝑥
𝑖 𝑁𝑖,𝑝(𝑢)
Σ𝑎𝑖=0𝐺𝑥𝑖𝑁𝑖,𝑝(𝑢)
(3.10)
Example: 1D vertical control point movement results in vertical geometry point
movement, new 𝑦𝑓 point coordinate is calculated:
𝑦𝑓 (𝑣) = 𝑦0(𝑣) +
Σ𝑎𝑖=0𝐺
𝑦
𝑖𝑃
𝑦
𝑖 𝑁𝑖,𝑝(𝑣)
Σ𝑎𝑖=0𝐺
𝑦
𝑖𝑁𝑖,𝑝(𝑣)
(3.11)
where 𝑦0 is initial geometry y coordinate value and 𝑃 𝑦𝑖 is y coordinate of each control
point.
Embedding the object within the volume
This step consist of identifying parametric coordinates that represents the object
coordinates to be deformed. So an inverse problem needs to be solved in this step.
That means to find such parametric coordinates u,v,w that their product 𝑅(𝑢, 𝑣, 𝑤)
would be equal to 𝑜𝑏𝑗𝑒𝑐𝑡(𝑥, 𝑦, 𝑧) The form of R(u,v,w) of course depends on the
parametric volume representation used.
• While using Bézier the problem can be simplified to the solution of three linear
equations.
• B-spline representation generally requires numerical search technique such as
Newton-Raphson method, but if the parametric and object coordinates are
aligned, then thanks to the B-spline linear precision property the embedding
operation vanishes [26, 27].
• In the NURBS parametric volume representation, due to the multiplicity of
outer knots, the parametric coordinates have to be found by numerical search.
The Octree algorithm[11], Golden section[28], Secant method or Newton-
Raphson methods are often used. Numerical search can be very costly if the
object’s description is large (big matrix of coordinates).
Fortunately the embedding needs to be done only once at the beginning of the
optimization.
Deformation of the parametric volume
In this step the lattice of control points is changed or/and the weights are modified,
if not the weights have values of 1.
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Evaluating the effect of the deformation on the embedded object
The deformed coordinates R are calculated using corresponding equation, for 3D 3.8.
3.4 FFD gradients
For the use of gradient-based optimization algorithms is necessary to derive the
gradients of the FFD lattice control points that corresponds to adjoint sensitivities
(gradients) on the object coordinates.
2D
for loop over every 𝑞𝑡ℎ of r object points:
change in FFD lattice control points P x coordinates results in change in x object
coordinates
ΔP𝑥𝑞− > Δ𝑥𝑥𝑞 (3.12)
𝛿𝑅(𝑢𝑞) =
Σ𝑎𝑖=0Σ𝑏𝑗=0𝐺𝑥𝑖𝑗𝛿𝑃 𝑥𝑖𝑗𝑁𝑖,𝑝(𝑢)𝑁𝑗,𝑚(𝑢)
Σ𝑎𝑖=0Σ𝑏𝑗=0𝐺𝑥𝑖𝑗𝑁𝑖,𝑝(𝑢)𝑁𝑗,𝑚(𝑢)
(3.13)
for the adjoint sensitivities on the 𝑐𝐿
∇𝑐𝐿/P <=> for all 𝛿P
𝛿𝑐𝐿 = ∇𝑐𝑇𝐿/P𝛿P (3.14)
𝛿𝑐𝐿 = ∇𝑐𝑇𝐿/R𝛿R (3.15)
for the adjoint sensitivities in x direction:
𝛿𝑐𝐿 = Σ𝑟𝑞=1
𝛿𝑐𝐿
𝛿𝑥𝑞
Σ𝑎𝑖=0Σ𝑏𝑗=0𝐺𝑥𝑖𝑗𝛿𝑃 𝑥𝑖𝑗𝑁𝑖,𝑝(𝑢)𝑁𝑗,𝑚(𝑢)
Σ𝑎𝑖=0Σ𝑏𝑗=0𝐺𝑥𝑖𝑗𝑁𝑖,𝑝(𝑢)𝑁𝑗,𝑚(𝑢)
(3.16)
for one FFD lattice control point coordinate
𝛿𝑐𝐿
𝛿𝑃 𝑥𝑖𝑗
= 𝐺𝑥𝑖𝑗Σ𝑟𝑞=1(
Σ𝑎𝑖=0Σ𝑏𝑗=0𝑁𝑖,𝑝(𝑢)𝑁𝑗,𝑚(𝑢)
Σ𝑎𝑖=0Σ𝑏𝑗=0𝐺𝑥𝑖𝑗𝑁𝑖,𝑝(𝑢)𝑁𝑗,𝑚(𝑢)
)𝛿𝑐𝐿
𝛿𝑥𝑞
(3.17)
similarly for the adjoint sensitivities in y direction:
𝛿𝑐𝐿
𝛿𝑃 𝑦𝑖𝑗
= 𝐺𝑦𝑖𝑗Σ𝑟𝑞=1(
Σ𝑎𝑖=0Σ𝑏𝑗=0𝑁𝑖,𝑝(𝑣)𝑁𝑗,𝑚(𝑣)
Σ𝑎𝑖=0Σ𝑏𝑗=0𝐺
𝑦
𝑖𝑗𝑁𝑖,𝑝(𝑣)𝑁𝑗,𝑚(𝑣)
)𝛿𝑐𝐿
𝛿𝑦𝑞
(3.18)
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3D
The equations for 3D are derived analogically to 2D.
𝛿𝑐𝐿
𝛿𝑃 𝑥𝑖𝑗𝑘
= 𝐺𝑥𝑖𝑗𝑘Σ𝑟𝑞=1(
Σ𝑎𝑖=0Σ𝑏𝑗=0Σ𝑐𝑘=0𝑁𝑖,𝑝(𝑢)𝑁𝑗,𝑚(𝑢)𝑁𝑘,𝑛(𝑢)
Σ𝑎𝑖=0Σ𝑏𝑗=0Σ𝑐𝑘=0𝐺𝑥𝑖𝑗𝑘𝑁𝑖,𝑝(𝑢)𝑁𝑗,𝑚(𝑢)𝑁𝑘,𝑛(𝑢)
)𝛿𝑐𝐿
𝛿𝑥𝑞
(3.19)
𝛿𝑐𝐿
𝛿𝑃 𝑦𝑖𝑗𝑘
= 𝐺𝑦𝑖𝑗𝑘Σ𝑟𝑞=1(
Σ𝑎𝑖=0Σ𝑏𝑗=0Σ𝑐𝑘=0𝑁𝑖,𝑝(𝑣)𝑁𝑗,𝑚(𝑣)𝑁𝑘,𝑛(𝑣)
Σ𝑎𝑖=0Σ𝑏𝑗=0Σ𝑐𝑘=0𝐺
𝑦
𝑖𝑗𝑘𝑁𝑖,𝑝(𝑣)𝑁𝑗,𝑚(𝑣)𝑁𝑘,𝑛(𝑣)
)𝛿𝑐𝐿
𝛿𝑦𝑞
(3.20)
𝛿𝑐𝐿
𝛿𝑃 𝑧𝑖𝑗𝑘
= 𝐺𝑧𝑖𝑗𝑘Σ𝑟𝑞=1(
Σ𝑎𝑖=0Σ𝑏𝑗=0Σ𝑐𝑘=0𝑁𝑖,𝑝(𝑤)𝑁𝑗,𝑚(𝑤)𝑁𝑘,𝑛(𝑤)
Σ𝑎𝑖=0Σ𝑏𝑗=0Σ𝑐𝑘=0𝐺𝑧𝑖𝑗𝑘𝑁𝑖,𝑝(𝑤)𝑁𝑗,𝑚(𝑤)𝑁𝑘,𝑛(𝑤)
)𝛿𝑐𝐿
𝛿𝑧𝑞
(3.21)
3.5 FFD geometry handling
The FFD parameterization, as described in the doctoral thesis has certain qualities:
Local control, global control, smoothness of the deformations, complex geometry
handling and hierarchy of multiple FFDs.
3.6 Impact of the NURBS degree
The influence of the NURBS degree on the regularity of shapes produced by opti-
mization and its impact on the convergence speed of the optimization is studied in
the doctoral thesis.
 
 
Starting geometry
Random lattice displacement
Deformed geometry − different NURBS degrees
Fig. 3.2: Oscillation influenced by NURBS degree
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3.7 FFD in aerodynamic shape optimization - 2D
test case
An airfoil design case[53] proposed by the AIAA Discussion Group on Aerodynamic
Design Optimization was proposed as an aerodynamic shape optimization bench-
mark case.
NACA 0012 airfoil optimization
It consists in minimizing the drag of the symmetric NACA 0012 airfoil in inviscid
flow at M=0.85 with geometric constraints.
min 𝑐𝐷
subject to: 𝑦 (𝑥) ≥ 𝑦NACA0012 (𝑥) 𝑥 ∈ [0, 1]
(3.22)
The optimizations are carried out by gradient-based algorithm, namely the Se-
quential Quadratic Programming (SQP) from NLOPT[54] software package.
Parameterization: 2D FFD lattice was constructed around the NACA 0012 air-
foil geometry. For the purpose of optimization the movement of middle layer of FFD
lattice control points was fixed, the upper layer control points displacements were
used as optimization variables and the bottom layer displacements were mirroring
the upper layer see Fig. 3.3
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0
0.1
0.2
0.3
0.4
x
y
 
 
Naca 0012 geometry
Optimization variables
Fixed FFD control points
Mirrored optimization variables
Fig. 3.3: Example of FFD parameterization setup for the case with 6 variables
Optimization results, effect of dimensionality: The study of Vassberg et
al.[53] showed that this problem would be an excellent benchmark for parameteri-
zations (in 2D) and optimization strategies because the non-trivial optimal shape
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seems to be unique at Mach number 0.85. The tests carried out with FFD show
similar trends as shown in Tab. 3.1
Tab. 3.1: Results of NACA0012 optimization for different (FFD𝑏) lattices.
No. 𝑐𝐷𝑜𝑝𝑡 𝑐𝑎𝐿𝑜𝑝𝑡 cost𝑐
Baseline 0.04750 0.00096 1
3 0.03144 0.00125 23
6 0.02132 0.00690 32
11 0.01300 -0.02718 197
21 0.01187 0.00059 239
41 0.01138 0.00036 280
As can be observed in Tab. 3.1 as much as 41 parameters are needed to get close
to final converged solution (the difference between 21 and 41 parameters is only 4%),
which correspond to the claim that the case requires close to 40 design parameters
to be solved[53].
NURBS degree effect
This NACA 0012 test case gives practical application to illustrate the influence of
the NURBS degree (discussed earlier in 3.6) using an FFD with 6 lattice points
and increasing the NURBS degree from 2 to 5, the maximum for this lattice.
The results indicate that for this particular case increasing the NURBS degree
not only improved the cost function but also accelerated convergence.The sole in-
crease of the NURBS degree with 6 parameters of design gives here a gain of 10%
compared to the maximum drag reduction (372 drag counts) that was obtained with
a lattice of 41 points[55].
FFD NURBS weights and deformations in two directions
Both these tests are part of the doctoral thesis. They reveal that using weights
or deformations in two directions have no benefits in general. However they can
cheaply extend the FFD deforming capabilities in the cases where the FFD lattice
cannot be altered.
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4 ADAPTIVE FFD PARAMETERIZATIONWITH
RESPECT TO GEOMETRY
4.1 Introduction
The purpose of this work is to develop a parameterization based on Free-Form
Deformation[1] in the context of aircraft design. One of the goals is adaptivity with
respect to the geometric features because it is a difficulty for FFD[28], including the
NURBS-based approach[11] that is being applied here.
Practical aerodynamic shape optimizations often involves challenge in the form
of complicated geometric constraints. One way of solving them is to add some
penalty definition into the formulation of optimization cost function. That of course
further stiffens the optimization process and can even lead to its failure. The other
way is to have a parameterization that will be able to take care of some of the
geometrical constraints, such as requirements of fixation of some part of the geometry
(points, edges, sections). An example is to keep constant the trailing edge of a wing
undergoing an optimization[56].
4.2 Coordinates transformation using RBF
The FFD used here requires a parallelepiped lattice of control points[17, 18, 50].
Control of non-planar curves and other geometric constraints can thus become a
difficult task[50]. This is the reason for using a Radial Basis Function (RBF) pa-
rameterization for coordinates transformation of the object, for example a wing or
a highly cambered airfoil, that is parameterized by FFD-RBF: this transformation
deforms the object that now “fills” the FFD lattice.
FFD-RBF parameterization procedure
The FFD-RBF procedure consists of eight main steps:
1. Construction of FFD parametric volume (FFD lattice of control points)
2. Construction of RBF centers adapted to the object
3. Construction of artificial FFD lattice
4. Mapping of the object into the artificial FFD lattice
5. Embedding the mapped (transformed) object within the FFD parametric vol-
ume
6. Deformation of the parametric volume
7. Evaluating the effect of the deformation on the embedded object
8. Mapping the deformed object back into the real coordinates
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Fig. 4.1: FFD lattice
(a) Dense RBF coordinate transformation lattices(b) Wing geometry mapped by RBF into the FFD
lattice -top view
Fig. 4.2: Wing geometry mapped by RBF into the FFD lattice
Wing trailing edge fixation
The FFD parameterization capability to fix 3D curve is described in the doctoral
thesis.
4.3 FFD-RBF in aerodynamic shape optimization
- 3D test cases
It is essential to verify the FFD in 3D aeronautical applications, to evaluate poten-
tial of FFD parameterizations with RBF coordinate transformation and identify its
possible limitations. To investigate its ability to handle complex geometry deforma-
tions and demands on complicated geometrical constraints. Three major test cases
were selected for this demonstration. Aerodynamic shape optimization of CRM
wing which is a testing platform for evaluation of CFD software in drag prediction
workshops, transonic passenger aircraft wing optimization and aerodynamic shape
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optimization of commuter aircrafts landing gear nacelle which was suggested by
Evektor company.
CRM wing
The case [56], suggested by the AIAA Aerodynamic Design Optimization Discussion
Group, concerns the optimization of a transonic wing in viscous flow is an excellent
testbed for testing FFDs many properties.
The test case was designed to be as close to real wing for the passenger aircraft
as possible and is quite restrictive. The use of FFD parameterization with RBF co-
ordinate transformation in this test case was published in the AIAA SciTech 2014 by
Amoignon, Hradil and Navratil[55], which also contains relevant mesh dependency
study.
Parameterization: Developed FFD-RBF parameterization is compared to basic
FFD parameterization, both use the same FFD lattice. The FFD lattice has 9, 9,
3 control points in x, y, z directions. In total 243, from which 1 is fixed in order
to eliminate possible shift of the whole wing geometry. Maximal possible NURBS
degree is used in all three directions.
Mesh and CFD setup: Unstructured meshes consisting of tetrahedral elements
were generated in ANSYS IcemCfd meshing software. Relatively coarse mesh (854184
nodes was used). The Edge[57] CFD solver was used for simulation of inviscid
M=0.88 flow. The calculations were done on 2 Intel Xeon E5-2690 processors hav-
ing 16 cores in total.
Optimization Some of the constraints from the original case [56] were relaxed in
order to untie the optimization algorithm to obtain bigger improvement in the cost
function value. That would give clearer view of influence of different aspects of the
parameterization. Moment and volume constraints were removed as well as fixation
of trailing edge, and the equality lift constrained was changed to inequality.
Optimization setup:
min 𝑐𝐷
𝑠.𝑡. : 𝑐𝐿 ≥ 0.5
𝑡 (𝑦) ≥ 0.25 𝑡CRM (𝑦) , for all span-wise positions 𝑦
(4.1)
The optimizations are carried out by gradient-based algorithm, namely the Sequen-
tial Quadratic Programming (SQP) from NLPQLP[58] software package. The gra-
dients were obtained from adjoint solution calculated in Edge program.
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The CFD mesh deformations are done by standard Laplace method also in the
program Edge, which adjusts the CFD grid to the deformed surface grid.
Tab. 4.1: Comparison of CRM wing optimizations with different FFD parameteri-
zations
FFD FFD-RBF
𝑐𝐷 baseline 0.017973 0.017973
𝑐𝐷 optimal 0.015079 0.012874
𝑐𝐷 reduction 16.1 % 28.4 %
Cost in CFD+adjoint iterations 27 43
Cost in CPU time 21 783 37 579
Cost in real time 3h 47min 6h 31min
Results The Tab. 4.1 shows results of two optimization cases. The first uses
basic FFD parameterization, the second uses RBF coordinate transformation to
map the wing geometry into the FFD lattice. The RBF mapping procedure gave
approximately 12.3% better reduction in drag. That is caused by better control of
the parameterization method over the shape deformations, since more control points
are closer to the surface.
Fig. 4.3 shows comparison of resulting pressure coefficient distributions of ba-
sic FFD and FFD-RBF optimizations. Note that the basic FFD was not able to
suppress shock waves as good as the FFD-RBF.
(a) Basic FFD (b) FFD-RBF
Fig. 4.3: Comparison of pressure coefficient distribution on CRM wing
Both optimizations ended by reaching maximum number of function calls during
the line search and that was caused be ever failing CFD mesh deformation proce-
dure. This issue is later addressed in chapter 6 by using FFD also for CFD mesh
deformation.
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Passenger aircraft
For analysis of dimensionality of the optimization and NURBS degree influence
on the optimization results a series of test were performed on transonic passenger
aircraft as can be seen in the doctoral thesis.
Fig. 4.4: RBF adapted lattice on the Passenger aircraft
Complex geometrical constraints handling: EV-55 Outback landing gear
nacelle aerodynamic shape optimization
The commuter aircraft landing gear nacelle optimization is described in the doc-
toral thesis. A multi-point optimization in cruise and climb conditions subjected to
geometrical constraints such as inner structure of landing gear nacelle and landing
gear itself.
Fig. 4.5: EV-55 Outback Parameterization example
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5 ADAPTIVE FFD PARAMETERIZATIONWITH
RESPECT TO OPTIMIZATION
Introduction
Another kind of adaptivity of the parameterization is the adaptivity with respect
to the optimization. That means that the parameterization is adapted (changed)
during the optimization process, usually after some criteria is reached.
Enrichment
Adaptive optimization approach called Enrichment is a method based on increase
of the number of optimization parameters and their insertion based on the shape
gradient into the FFD lattice. The enrichment procedure is tested on NACA 0012
2D optimization case analyzed in section 3.7.
The results show that the enrichment process did not fulfilled the expectations.
In cases of small number of parameters (3 and 6) the addition of one more brought
some improvement of the drag coefficient, but the comparison with regular FFD pa-
rameterization of the same number of elements (4 to 22 parameters) is not favorable
at all in all analyzed cases.
A note must be made that the enrichment procedure is influenced by the insertion
criteria which further complicates finding of one general beneficial setup for wide
variety of cases.
FFD Multi-grid
Similarly to multi-grid method in CFD a results (of the optimization) on the coarse
grid is used to accelerate optimization convergence of fine grid.
The Multi-grid (MG) principle was studied on the CRM wing case used pre-
viously for other optimization analysis in section 4.3. Here the same setup of the
parameterization and optimization is used as in FFD-RBF case.
Several multilevel cases were investigated in respect to different number of main
iterations done on coarse mesh. The investigation revealed a problems with the
transition between the two meshes.
One working case, which used 10 main optimization iterations on coarse mesh
in the first step, is here presented..
Comparison of the MG optimization with the medium mesh optimization shows
that the MG gave 0.9 % worse 𝑐𝐷 and was 3.4 % faster in CPU time measurement
and 8.4 % slower in real time.
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6 FFD FOR CFD MESH DEFORMATION
Introduction
The second proposed objective of the thesis is development of FFD parameterization
for both surface deformations and CFD mesh deformations, while enabling large
object deformations and preserving the level of mesh quality during the process. This
approach will bring simplification to the optimization process by using parameters
of surface mesh description as optimization variables, so there will be need neither
for new mesh generation, nor for using another mesh morphing program.
Mesh deformation is standard way of adjusting the computational mesh to
changes in object shape during the optimization procedure, so there is no need to
generate the CFD mesh again after every iteration as in the past. Laplace smooth-
ing in which large system of equations has to be solved is very common as well as
spring analogy [59] method in which is each element edge represented by a spring
with corresponding stiffness (also system of equations). Another approach to CFD
mesh deformation is RBF[52] which is independent of the mesh connectivities unlike
the above mentioned.
The capability of smooth volume deformations makes FFD a suitable candidate
for CFD mesh deformation[29, 42, 48] The FFD is independent of the mesh topology,
so structured or unstructured meshes are deformed by the same algorithm as well
as hybrid meshes.
Motivation of using FFD parameterization for mesh deformation (other than
problems with failing standard methods in previous cases) is in simplification of the
optimization process. The object’s shape (subject to the optimization cost function)
will be deformed together with the volume mesh that surrounds it. Thanks to that
the use of another mesh morphing program can be avoided.
Tests in 2D and 3D, in comparison to standard methods, namely Laplace and
Spring analogy were performed. Both Euler and RANS meshes were used.
Procedure:
The general procedure for CFD mesh deformation with FFD is very similar to basic
FFD procedure in section 3.3, the biggest difference is in the construction of the
FFD lattice.
1. Usually a initial lattice of control points is constructed around the object
(surface mesh) that is to be deformed. Then one or more layers of control
points are added on that lattice. These additional layers defines how big part
of the CFD mesh will be deformed.
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2. The part of the CFD mesh that is located inside the FFD lattice is embedded
within the parametric volume.
3. The lattice is deformed. Preferably the control points of the initial lattice are
displaced (as optimization variables), the additional layers of control points
can be displaced to shift the majority of volume cell deformations further
from the objects surface. The outer most layer of the FFD lattice has to be
fixed in order to keep the transition between the deformed and undeformed
volume mesh smooth.
4. The deformed coordinates of the CFD mesh are calculated using corresponding
equation, for 3D 3.8.
6.1 Numerical experiments: FFD vs. Standard
methods
The CFD mesh deformation capabilities of FFD parameterization is analyzed and
compared to Laplace and Spring analogy standard methods in terms of quality of the
deformed mesh and in terms of computational efficiency of the deformation process.
2D meshes:
A comparison of Laplace, Spring analogy and FFD methods for CFD mesh deforma-
tions is here demonstrated by a search for maximal rotation angle of airfoils. That
is equivalent to increase of the angle of attack imposed to the far-field boundary
condition. Results of CFD simulation of rotated airfoils and increased angle of at-
tack serves as ultimate quality evaluation. The rotation case was selected because
it put demands both on aspect ratio and skewness of the deformed mesh elements.
The meshdeform program in Edge was used to test the Laplace and Spring analogy
performance.
Test description
The test is designed to keep increasing angle of attack until the dual program reports
error or the meshdeform Edge program fails. That is done for Laplace, Spring
analogy and FFD methods and for Euler and RANS meshes. The NACA 0012
Euler mesh is a mesh from section 3.7, the RAE 2822 RANS mesh comes from other
part of publication by Amoignon, Hradil and Navratil[55] .
Initial FFD lattice of control points with the dimensions 3x3 (see Fig. 6.1 green
points) was generated in the vicinity of the airfoil. The rotation of the control points
of the initial FFD lattice around the origin was used to deform the airfoils geometry
24
with the standard FFD procedure. Laplace and Spring analogy deformations were
performed in meshdeform program that requires initial CFD (undeformed) mesh
and deformed boundary nodes (airfoil) to produce deformed CFD mesh.
In the case of FFD method a one layer of control points was added on the initial
lattice. The added outer layers was fixed, see red points in Fig. 6.1.
Fig. 6.1: Example of rotation of RAE 2822 CFD mesh with FFD
Results
The maximum achieved angle of mesh deformations by rotation are summarized in
Tab. 6.1, note that the FFD method achieved much higher angles than the standard
methods on both meshes. Visual inspection revealed nothing suspicious in the cases
of Euler mesh and the dual program evaluation went throw and the Edge flow
solver converged even with such mesh. Note that the spring analogy method failed
completely to deform the RANS mesh.
Tab. 6.1: Maximal angle of rotation
Mesh Laplace Spring analogy FFD
NACA 0012 Euler 16° 34° 58°
RAE 2822 RANS 25° failed 56°
Both skewness and aspect ratio of worst element of the deformed Euler CFD
grid is better using FFD than the standard methods in all comparable angles.
The results of RANS mesh derormations are very different from the ones obtained
in the case of Euler grid, the difference is due to the extremely narrow first layer of
the prismatic elements.
The results of the CFD solution in program Edge on NACA 0012 airfoil and
for RAE 2822 are almost identical for all deformation methods, but they slightly
differ from the undeformed mesh results under equivalent AoA. That is probably
caused by not sufficient mesh quality, in other words the flow solution is still mesh
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dependent. Nevertheless the FFD exhibits good compliance with the results of
standard methods which is what matters most.
3D meshes:
Similarly to 2D tests, here a comparison of Laplace, Spring analogy and FFD meth-
ods for 3D CFD mesh deformations is demonstrated, this time by a search for
maximal elevation of wing tip. That is defined to imitate bending of wing by aero-
dynamic forces, however quite unrealistically extreme for the purpose of testing of
the CFD mesh deformation methods. The elevation case was selected because it
put demands both on aspect ratio and skewness of the deformed 3D mesh elements.
Again meshdeform program in Edge was used to test the Laplace and Spring analogy
performance. The results revealed similar trends to the 2D results.
6.2 3D Aerodynamic shape optimization using FFD
for CFD mesh deformation
The use of FFD parameterization for mesh deformation approach described above
is used in CRM wing optimization test case 4.3, in which one of the conclusions was
that the optimization stopped due to inability of the CFD mesh deformation tool to
modify the CFD mesh around demanded surface shape. The case description allow
shape deformations of the root section of the wing that is located in the symmetry
plane of the wing. Since the optimization variables are vertical displacements of
the control points no special care needs to be taken in the symmetry plane. The
only modification to the CFD mesh deformation procedure is that no additional
layer above the initial FFD that is constructed around the wing is created in the
symmetry plane, that allows the CFD mesh nodes in that plane to slide freely
without compromising the mesh quality.
FFD with RBF coordinate transformation
As illustrated above the optimizer is dependent on used parameterization, the RBF
coordinate transformation described in section 4.2 was incorporated into the CFD
mesh deformation procedure in order to allow the use of FFD-RBF for both surface
and CFD mesh deformations. Only the control points of the initial parallelepiped
FFD lattice are allowed do move.
With the use of FFD the optimization stopped after reaching prescribed maxi-
mum number of optimization iterations.
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The optimum given as a result by the NLPQLP software was 5.4 % worse com-
pared to the optimum in the case with Laplace CFD mesh deformation tool. What
is more interesting is that the results in the column named FFD-RBF violated 𝑐𝐿
that show the values for minimal 𝑐𝐷, there the FFD-RBF case outperformed the
Laplace case by 10.4 % producing better glide ratio (39 vs. 43.1).
Regardless of the behavior of the optimization algorithm which is sensitive to
various phenomena, the FFD-RBF showed its potential in its role of CFD mesh
deformation tool. That is also illustrated in Fig. 6.2, note the distinctive difference
in shape of the wing tips, which tells us that the FFD-RBF is capable of much bigger
deformations.
Fig. 6.2: Comparison of CRM wing: initial (top) optimized with the use of Laplace
(middle) and FFD-RBF violated 𝑐𝐿 (bottom) CFD mesh deformation techniques
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7 OUTCOMES OF THE DOCTORAL THESIS
This chapter describes accomplished goals of the thesis and notable facts.
Free-Form Deformation (FFD) parameterization
NURBS based FFD parameterization properties were identified and tested. The
most important outcomes are:
• Impact of NURBS degree: The NURBS degree affects FFDs geometry han-
dling characteristics. It was illustrated on straight line deformations and on
inverse geometry optimization, where higher NURBS degree practically damps
oscillations. The results of NACA 0012 airfoil optimization shows that the in
increasing the NURBS degree not only improved the cost function but also
accelerated convergence. The acceleration of convergence was also observed in
3D on passenger aircrafts wing optimization.
• Dimensionality: A parametric study both on NACA 0012 airfoil optimization
and on passenger aircrafts wing optimization concluded that the bigger the
number of parameters the better the results. Investigation of added weights
and multi-directional displacements on NACA 0012 airfoil showed that their
use is not effective, but is beneficial when the FFD lattice cannot be altered.
Adaptive FFD parameterization with respect to geometry
Adaptivity of the FFD parameterization to the geometry was achieved by using
RBF coordinate transformation. The motivation was to enable better control of the
deformations and thus further improve the optimum. The other motivation was to
handle complex geometrical constraints imposed on the optimization problem.
• The FFD-RBF greatly improves FFD’s geometry handling capabilities, which
was proven in to cases with complex geometrical constraints. In the case of
CRM wing trailing edge fixation, and in the case of EV-55 Outback commuter
plane nacelle boundary curve fixation.
• The benefit of RBF mapping is also in the aerodynamic shape optimization
behavior that profits from the improved geometry handling as was observed
in CRM wing optimization. as well as in the optimization of EV-55 Outback
commuter aircrafts landing gear nacelle.
Adaptive FFD parameterization with respect to optimization
Adaptivity of developed parameterization method during the optimization process
was investigated using Enrichment and Multi-grid methods. These test were aiming
on acceleration of the aerodynamic shape optimization process.
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• The Enrichment procedure was inspected on NACA 0012 test case, with the
conclusion that the FFD parameterization is not sensitive on location of control
points as on its quantity.
• The benefits of using Multi-grid approach to the optimization of CRM wing is
rather inconclusive. Some savings of CPU time were observed, but the effort
to expose the acceleration properties of the Multi-grid was corrupted by failing
CFD mesh deformation tool.
FFD for CFD mesh deformations
FFD parameterization method was used in the CFD mesh deformation application.
Unlike the standard methods which adjusts the volume mesh to the shape changes
of the surface, the FFD was applied both to surface and volume mesh deformations
simultaneously which is suitable for aerodynamic shape optimization process. The
smooth volume deformations capabilities of NURBS-based FFD method as well as
its independency of the mesh topology makes it appropriate for CFD mesh defor-
mations.
• The FFD method was successfully tested on deformations by rotation in 2D
and by bending in 3D on both Euler and RANS meshes. The FFD method
surpassed the capabilities of Laplace and Spring analogy standard methods in
all test in terms of maximal achievable deformation.
• The qualitative comparison showed no deficiencies in visual evaluation, in cal-
culated aspect ratios and skewness. Obtained converged CFD flow solutions
show almost identical results between the methods.
• The tests of efficiency of the FFD method in terms of CPU time needed for
the mesh deformation results are comparable to the results of Laplace method
and faster than Spring analogy. The expensive embedding procedure is needed
only once, the file that contains NURBS matrix (a result of the embedding)
needs significant disk space ( 350MB for 1M node mesh).
• The FFD was capable of bigger deformations and found better optimum. The
FFD enhanced by the RBF coordinate transformation enabled the optimizer
to make bigger deformations that the standard methods and is therefore per-
spective for further development.
• The time expensive embedding part of the FFD procedure can be parallelized.
Possible future applications of FFD: The developed algorithms could be used
in the field of aero-elasticity, for coupling CFD with FEM and during time dependent
deformations.
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8 CONCLUSIONS
The doctoral thesis Adaptive parameterization for aerodynamic shape optimization
in aeronautical applications is focused on practical problems of parameterization
and its use in aerodynamic shape optimization in particular.
As the primary goal of the thesis an adaptive FFD parameterization method for
applications in the field of aircraft design was developed and verified. A method that
could automatically adapt the original parameterization, and that would be able to
handle complex geometry deformations and demands on complicated geometrical
constraints.
Developed Free-Form Deformation parameterization is capable of accurate em-
bedding of complex geometry in orthogonal lattices (with the use of RBF coordinate
transformation), which was verified on 2D and 3D aerodynamic shape optimization
cases. It is also competent of handling complicated constraints that are often nec-
essary in industrial applications.
As the secondary goal, a technique based on FFD for deformations of CFD
computational meshes was developed. The FFD is capable of required CFD mesh
deformations, quality and effectivity of such use of the FFD was tested. The adap-
tivity to the geometry of the FFD-RBF was also incorporated into the CFD mesh
deformation procedure and its benefits were proven on working aerodynamic shape
optimization of wing.
Developed FFD-RBF parameterization method was incorporated into autom-
atized environment for aerodynamic shape optimizations and is ready for use in
aeronautical applications ranging from simple 2D airfoils to complex constrained
3D surfaces.
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Abstract
The goal of this doctoral thesis is to analyze and develop parameterization algo-
rithms for 2D and 3D shape optimization in the context of industrial aircraft aero-
dynamic design based on simulations with CFD.
Aerodynamic shape optimization is an efficient tool that aims at reducing the cost
of the process of aircraft design. A tool that is based on automatization of the search
for the optimum shape. Key part of successful aerodynamic shape optimization is
the use of appropriate parameterization method, a method that should guarantee
the possibility of reaching optimum shape.
The parameterization methods used in aerodynamic shape optimizations are still
not ready for complex industrial applications, which are present on modern passen-
ger aircrafts with swept cranked wings with winglets and engine pylons, fuselage-
wing interactions etc. So there is a need for general parameterization method that
applies on wide variety of different geometries.The Free-Form Deformation (FFD[1])
parameterization can, thanks to its geometry handling qualities, be the answer to
this need.
Adaptive parameterization should automatically modify parameterization grid
(lattice) to get appropriate lattice in regions of interest. Such that will allow suffi-
cient control of deformations of the object with respect to reaching optimum shape
and fulfilling optimization constraints. First application is in the surface deforma-
tion. The other proposed goal is development of the FFD parameterization that
can do both surface deformations and CFD mesh deformations, while enabling large
object deformations and preserving the level of mesh quality during the process.
Abstrakt
Cílem mé disertační práce je analyzovat a vyvinout parametrizační metodu pro 2D a
3D tvarové optimalizace v kontextu průmyslového aerodynamického návrhu letounu
založeném na CFD simulacích.
Aerodynamická tvarová optimalizace je efektivní nástroj, který si klade za cíl
snížení nákladů na návrh letounů. Nástroj založený na automatickém hledání opti-
málního tvaru. Klíčovou částí úspěšného optimalizačního procesu je použití vhodné
parametrizační metody, metody schopné garantovat možnost dosažení optimálního
tvaru. Parametrizační metody obecně používané v oblasti aerodynamické tvarové
optimalizace momentálně nejsou připravený na komplikované průmyslové aplikace
vyskytující se u moderních dopravních letounů, které mají šípová zalomená křídla s
winglety a motorovými gondolami, přechodové prvky spojující např. trup s křídlem
atd.. Existuje tedy potřeba nalezení obecné parametrizační metody, která bude
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aplikovatelná na širokou škálu různých geometrických tvarů. Free-Form Deforma-
tion (FFD[1]) parametrizace může, vzhledem ke svým schopnostem při zacházení s
geometrií, být odpovědí na tuto potřebu.
Adaptivní parametrizace by se měla být schopna automaticky přizpůsobit danému
tvaru tak, aby byly její kontrolní body vhodně rozmístěny. Což umožní dostateč-
nou kontrolu deformací objektu, která zaručí možnost vytvoření optimálního tvaru
objektu a splnění geometrických omezení.
Primární aplikací takové parametrizační metody je deformace tvaru objektu.
Dalším navrhovaným cílem je modifikace FFD parametrizační metody pro současné
deformace tvaru objektu a CFD výpočetní sítě, umož˚nující velké deformace objektu
při zachování kvality výpočetní sítě.
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